In this paper we shall improve the definition of "properly hereditary property" which raised previously [1] and we shall prove that the topological properties: Functionally Hausdorff, , completely regular, normal, perfectly normal, S2, ∞ , locally connected, locally strongly connected, totally disconnected and Riesz separation axiom: TR are properly hereditary properties.
Introduction
In 1996, Arenas [1] introduced a definition of properly hereditary property as: A property P of a space X is properly hereditary property if every proper subspace A of X has the property P, then the whole space X has the property P. The property P is properly (closed, open, etc. respectively) hereditary property if every (closed, open, etc. respectively) proper subspace has the property P, hence the whole space X has the property P. If the property P is hereditary and properly hereditary property, then it is called a strongly properly hereditary property.
All proper subspaces of the trivial topology on X= {a, b} are Ti and the whole space is not Ti for i=0, In this paper, |A| denotes the cardinal number of the set A and I denotes the topological space ([0,1], ).
Properties Looks like Separation Axioms
Arenas [1] proved that Ti for all i=0, 1, 2, 3 are properly hereditary properties. In 2003, Al-Bsoul [2] showed that some of non-familiar separation axioms: . Let X be a topological space with | | ≥ 3 and all proper subspaces are functionally Hausdorff. Since, all proper subspaces are functionally Hausdorff, then all proper subspaces are T1, so X is T1. Assume that x and y are distinct points in X, since | | ≥ 3, so there is ∈ − { , }. Hence, X-{z} and X-{y} are functionally Hausdorff proper subspaces, then there are continuous functions : − { } → and : − { } → such that ( ) = ( ) = 1 and ( ) = ( ) = 0. Define : → by ( ) = ( ) ( ) for all ∉ { , } and ( ) = 0 otherwise. Since is a multiplication of two continuous functions on − { , }, so is a continuous function on − { , }, hence we shall show that is a continuous function on { , }. Let > 0. Case 1: = , we are done. Case 2: ⊂ , then there is ∉ . Let ∈ . Since, | | ≥ 3, then there is ∈ − { , } 1.
∈ . Since, − { } is a proper 0 -subspace, hence there is a closed set in − { } such that ∈ ⊆ − { }, so there is a closed set ⊆ such
∉ , since − { } and − { } are proper subspaces, then there are closed sets and in − { } and − { }, respectively, such that ∈ ⊆ and ∈ ⊆ . Moreover, there are closed sets 1 and 2 in such that is properly hereditary property.
is PHP.
. . Suppose that is a nonclosed compact set in , then there exists ∉ and ∈ ( ), so there is a net ( ) in such that → , since ( ) is a net in compact subspace , then ( ) has a convergent subnet ( ) in to ∈ , also is 1 1 3 , then = , implies is closed, therefore is 1 like gauge space [5] are PHP.
Based on Al-Bsoul [2] is PHP without proof. Next, we will show that is PHP. 
Riesz's Separation Axiom and Related Axioms
Cśsźr [6] introduced Riesz separation axiom and some related Axioms. In this section, we shall show that these separation axioms are properly hereditary properties.
Definition 3.1. [6]
A topological space is said to be 1. if it is a 1 -space and for a subset of , with and different elements in ′ , there is a subset of such that ∈ ′ and ∉ ′ . 2. 1 if ∉ implies ∉ for all , in . 3.
2 if ∉ { } implies that and have disjoint neighborhoods for all , in . 4.
if given any two distinct points and satisfy ∉ { } and ∈ for any subset ⊆ , there is a subset ⊆ such that ∈ and ∉ . 5.
if given any two distinct points and satisfy ∉ { } and ∈ for any subset ⊆ , there is a subset ⊆ such that ∈ and ∉ . 6.
∞ if for any ∈ where is a subset of and is not compact there is a subset ⊆ such that ∉ and is not compact.
Lemma 3.1. [6] Let be a topological space. is if given any set ⊆ and two distinct points , ∈ , there is ⊆ such that ∈ and ∉ . . Let be an open cover of . Then, there is ∈ containing , thus is compact and = − { } covering , so there is finite subcover { 1 , 2 , … , } of , so the class { 1 , 2 , … , } ∪ { } covering , therefore is compact.  A similar observation is valid for Lindelf and countably compact.
Theorem 3.7. ∞ -space is PHP.
. Let be a topological space such that all proper subspaces are ∞ . Assume that ⊆ such that is not compact and ∈ . In each of the two Cases: = and ≠ , there is in such that ∉ and is not compact according to Lemma (3.6) . 
Connected Spaces
In this section we shall show the properties of: locally connected, pathwise-connected, strongly connected, locally strongly connected and totally disconnected are PHP.
Definition 4.1. [7] A space is locally connected if has base consisting of a connected set.
Lemma 4.1. Let be a topological space and be a subspace of . If is a connected set in , then is connected in .
Arenas showed that local connectedness 1 is properly open hereditary property. Next, we will show that local connected is properly hereditary property. . Let be a topological space with | | ≥ 3 such that all proper subspaces are strongly connected. Suppose that : → (ℤ, ) be a continuous function which is not constant, so there exist and in such that ( ) ≠ ( ), hence the restriction function on the proper subspace { , } is a non-constant continuous function, hence the proper subspace { , } is not strongly connected, contradiction. Therefore, is strongly connected.  Definition 4.3 [8] Space is locally strongly connected if it has a basis consisting of strongly connected open sets.
Lemma (4.1) showed a feature for a connected set. It is easy to see that the strongly connected set has the same feature. such that 1 ∩ ( 2 ∪ 2 ) = ∅ and 1 ∩ ( 2 ∪ 2 ) = . So, is disconnected, therefore is totally disconnected.

